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Abstract: Thixotropy is a reversible time-dependent phe-
nomenon in fluids, in which an internal structure grows
due to flocculation and breaks down under shear action.
Numerous fluids are thixotropic, e.g. concretes and cemen-
titious suspensions. Pumping of concrete is an important
application. Since current approaches omit thixotropic ef-
fects, we aim to develop a simple theoretical model to
evaluate or understand the significance of thixotropy on
the concrete pumping behaviour. We therefore extended
Poiseuille flow for thixotropic concretes and reformulated
it in a dimensionless form to gain insights. After a valida-
tion, the results and significance are elaborated and con-
cluded.
Results showed that for increasing thixotropy and decreas-
ing flow rates, the plug radius, wall shear rate and pump-
ing pressure loss increase. Even though all thixotropy
mechanisms may not be covered, a simple model is de-
livered to interpret or predict the effect of thixotropy on
the pumping behaviour of cementitious suspensions. The
dimensionless formulations via the Bingham number Bn
and related discharge diagrams are sufficiently elegant for
computational implementation and very insightful to dis-
tinguish a thixotropic flow regime. The model could be
extended for more complicated thixotropies, irreversible
time-dependent effects or even other pumping related phe-
nomena.
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1 Introduction
Thixotropy is a reversible time-dependent effect that is
present in many fluids and related applications [1]. De-
pending on the field of application, thixotropy has differ-
ent definitions [1–5]. Barnes [1] states that thixotropy is
a reversible time-dependent effect leading to an increase
in flow resistance at rest and a decrease in viscosity un-
der shear action. One could summarise thixotropy as a
reversible time-dependent change in apparent viscosity
(flow resistance), due to formation of an internal structure
by flocculation at rest and deflocculation under shear ac-
tion [2, 3]. Several models exist that try to characterise
thixotropic behaviour in rheology, i.e. the study of mate-
rial stresses induced by applied deformation rates. Most
thixotropic models describe an internal fluid structural
state, either explicitly or implicitly [2–4, 6–8]. Implicit
thixotropic models describe the evolution of the internal
structural state by a kinematic relation. Again, several
kinematic evolution relations exist and, whether a mem-
ory convolution is used or not, they can be summarised by
a growth (build-up) and break-down of the internal struc-
ture [6].
Thixotropy occurs in, for example, coatings, paints,
inks, crude oil suspensions, clay suspensions, creams,
pharmaceutical products, food industry liquids, fresh con-
cretes, etc. [1, 9, 10]. Pumping of these fluids is one of
its major applications. Rheological predictions or under-
standing of the pumping behaviour of these thixotropic
fluids is therefore important to industry. In the field of con-
crete technology, it is however often stated that thixotropy
can be neglected for short duration and/or under (high)
shear action. In that way, one states that thixotropic build-
up is negligible, which is the case for some thixotropic
models (e.g. the model proposed by Papo [11]). It can how-
ever be quite the opposite.
Thixotropy can have a significant influence on short
duration or even under shear action [2, 6, 12, 13]. In the
case of fluid/concrete pumping, it is one of the most con-
tributing factors of pumping initiation. When structural
build-up is a dominant factor such as for thixotropic con-
cretes, pumping re-initiation pressures after pumping ar-
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rests are predominantly determined by thixotropic build-
up [14]. Pumping arrests are for instance common on con-
crete construction sites, where pumping operations need
to be stopped regularly or unexpectedly [14]. Another ex-
ample where build-up can be significant is the plug cor-
rection in rheological measurements (e.g. concentric cylin-
ders), because anunshearedpart of the rheological geome-
trymay exist for yield stress fluids such as concrete [15, 16].
Thixotropy can influence the effect of such an unsheared
zone even more due to structural build-up.
Hence, apart from break-down, thixotropic build-up
effects can have a significant influence on the pumping be-
haviour in the concrete industrywhere a simple evaluation
model is missing. Even though a semi-analytical solution
exists for the Moore or the Houska model [17, 18], these
models are not employed for fresh concrete and do not in-
clude a closed expression to evaluate the significance of
thixotropy on the concrete pumping behaviour. Hence the
need to develop a simple theoreticalmodel to evaluate, un-
derstand or predict the significance of thixotropy on the
concrete pumping behaviour.
We therefore made an attempt to derive a simple the-
oretical analytical model for thixotropic concrete pump-
ing, not only to gain understanding in the significance
of thixotropy, but also to predict thixotropic pumping be-
haviour. The derived model is a Poiseuille flow extension
for thixotropic concretes. A general, but simple thixotropic
rheological model commonly used for concrete is consid-
ered to derive the analytical solution [2]. This work thus
focuses on, but is not necessarily limited to, the applica-
tion of fresh concrete pumping. The derived model and in-
sights are also relevant for any field dealing with pumping
of thixotropic fluids, where the applied thixotropy model
should not necessarily be the same.
First, a concise derivation is outlined of the Poiseuille
flow extension for a thixotropic model commonly applied
to fresh concrete. Then, dimensionless formulations are
outlined providing insights and elegance for numerical im-
plementation. The next section is dedicated to verifying
the developed model, not only step-by-step, but also by
comparing it with the solution for a Bingham fluid in case
thixotropy is insignificant. Then, the model applicability
and significance are outlined for the aimed application of
thixotropic fresh concrete pumping. After that, the results
of this model are interpreted in a summary and discussion
section. Lastly, this work is concluded by some brief state-
ments with regard to the derived extension.
2 Thixotropic Poiseuille Flow
Extension
This section elaborates on the Poiseuille flow extension
for a thixotropic fresh concrete. Poiseuille flow is charac-
terised by flow in a pipe geometry. This flow configura-
tion is named after the original developers, Hagen and
Poiseuille [19], who developed an analytical solution in
steady-state for a Newtonian fluid. A similar approach
is followed in order to find an analytical solution for a
thixotropic rheological model in steady-state.
Typically a relation between pressure loss, flow rate
and rheological properties is obtained for the pipe flow. In
order to come upwith a theoretical relation, some assump-
tions have to be made on the occurring flow situation. To
derive such a relation for a thixotropic fluid, the following
assumptions are imposed with a corresponding pipe flow








Figure 1: Poiseuille pipe flow configuration expresses a longitudinal
force equilibrium between pressure loss ∆p and internal shear
stress τ as a function of pipe radius r.
– The fluid is incompressible and homogeneous.
– The flow is isothermal, laminar, one-dimensional
and steady-state.
– There is nowall slippage andno lubrication layer for-
mation.
with :
τ : Shear stress
∆p : Pressure loss
Q : Discharge
L : Pipe length
R : Pipe radius
r : Radial coordinate
Wall slippage is not considered in this work, as this
is one of the basic assumptions in Poiseuille flow. In re-
ality, wall slippage is not expected to be present in case
of cementitious paste suspensions or even mortars and
concrete, e.g. self-compacting concrete [20–23]. Even if
wall slippage would occur, still, the flow behaviour for
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a thixotropic bulk can be anticipated via an adopted ap-
proach as done by [21]. Hence, this work is still of value for
both cementitious suspensions and concrete itself.
From these assumptions and notations, the derivation
of the analytical solution toPoiseuille flowcanbeobtained
as follows. First, a shear stress profile is achieved from the
longitudinal force equilibrium. Secondly, a shear rate rela-
tion is established from the considered rheological model,
which is in this work a thixotropic model. Thirdly, a ve-
locity profile is derived from this shear rate profile. Lastly,
a discharge relation is derived by a flux integration. The
equations in this work were partially derived manually
and partially with the aid of an analytical software called
Maple®. All formulated equations have been verified by
the same software. For computational reasons, the devel-
oped equations were implemented in a Python program.
2.1 Shear Stress Relation
The longitudinal force equilibrium easily leads to shear
stress Eq. (1). This implies a fully developed state (i.e.
steady-state). It is well known in literature [19] that this re-
lation is linear as a function of the pipe radius r, which is
zero in the pipe centre and τw = R∆p2L at the pipe wall.
τ (r) = r2
∆p
L (1)
2.2 Shear Rate Relation
A shear rate ?̇? relation can be found by inverting the shear
stress relation. Therefore, a constitutive rheological ma-
terial model needs to be imposed. In this framework we
opt for finding a steady-state relation for a thixotropic
Poiseuille flow applicable to fresh concrete. Even though a
semi-analytical solution exists for theMoore or theHouska
model [17, 18], these models are not applied to fresh con-
crete which is the aimed application in this work. The so-
lution of the latter models is semi-analytical and therefore
it is not simple. Moreover, the latter models do not con-
tain a closed analytical expression for the pumping pres-
sure prediction, which is the aim of this work. Hence, a dif-
ferent rheological model is chosen, which is applicable to
thixotropic concretes or cementitious suspensions.
Fresh concrete is commonly considered as a Bingham
fluid, inwhich the yield stress τ0 andplastic viscosity µ are
the rheological parameters. Although several thixotropic
rheological models exist for fresh concrete with a Bing-
ham model as base model [2–4, 6–8], one useful model
for thixotropic concrete is picked in particular. Namely, the
model proposed by Roussel [2] is chosen, because it is a
general, but simple, model applicable to fresh thixotropic
concretes. Although fresh concrete is the aimed applica-
tion, itmay be applied to other thixotropic fluidswhere the
same thixotropic model can be used.
Thixotropy in this model can be described by an in-
ternal structure λ, which is characterised by a kinematic
evolution considering two additional rheological parame-
ters, namely the characteristic flocculation time T and the
defloccuation rate α. For fresh concrete it is shown that
the model proposed by Roussel [2] simplifies to Eq. (2), be-
cause shear thickening is mostly not significant [15, 20].{︃






For some concretes shear thickening can be significant
which can be included by the modified Binghammodel or
a Herschel-Bulkley model. However, since shear thicken-
ing effects have alreadybeen incorporated in thePoiseuille
flow extension derived by Feys et al. [20, 24, 25] or
Thichko [26], and since the aim of this work is the effect
of thixotropy, only the thixotropy is considered for inter-
pretation in this work. Therefore, this work serves as a de-
scriptive for thixotropy as an independent phenomenon to
which the effects of shear thickening could presumably be
superimposed.
In some literature fields, thixotropy is described by
a normalised structure parameter λ between 0 and 1.
The thixotropic state for some suspensions (e.g. polymeric
ones) will reach a final, limited gelled structure by a unity
parameter. This is not the case for cementitious suspen-
sions or concrete. Instead, due to physiochemical mecha-
nisms in cementitious suspensions (e.g. coagulation, hy-
dration, etc.), the reversible thixotropically bound struc-
tures keep on building up over time. After a certain time
span ca. 60-120 min, which depends on the type of ce-
ment and composition, the structural build-up becomes ir-
reversible due to hydration products and permanent clus-
ter formations. Then also irreversible effects need to be
taken into account and the model proposed by Perrot
would be more appropriate [27]. Hence the concrete con-
tinues to build up until it is completely hardened to an
irreversible solid state after a long time period (λ → ∞).
Therefore a non-normalised kinematic equation is com-
monly used for cementitious suspensions and concrete, cf.
[2, 4, 5, 12]. Since the model proposed by Roussel, is a very
commonly used model for cementitious suspensions and
because pumping operations of cementitious suspensions
or concrete fall within the time window of ca. 60-120min,
the approach by a Roussel model is justified.
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In addition, as stated in the assumptions, the effect of
a lubrication layer in concrete pumping is not considered,
since insights into these effects can be consulted in the lit-
erature [21, 28–30]. Hence, the aim of this work is rather to
outline the significance and understanding of thixotropy
on pumping of concrete or cementitious suspensions only.
For a steady-state solution, thixotropic equilibrium is
necessary. Since the flow is one-dimensional in the longi-
tudinal direction, the material derivative simplifies to the
partial derivative (DλDt =
∂λ
∂t ). The thixotropic internal struc-





Under temporal equilibrium, Eq. (2) simplifies to Eq. (4a)
as a function of the shear rate, which is eventually solved
in Eq. (4b).
τ (r) = τ0 +
τ0
Tα?̇? + µ?̇? (4a)
?̇?± = 12µ
[︂
(τ − τ0) ±
√︂





Simultaneously this implies that the shear stress τ at a
given location as function of pipe radius r should behigher
than the total yield stress, including yield stress growth
due to thixotropy. In zones where this is not compatible,
thixotropic equilibrium cannot be formed and the internal
structure continues to grow. In other words, the internal
structure parameter diverges in that zone. This zone is not
sheared (?̇? = 0) and is therefore a pure plug zone, as ex-
pected for a Bingham fluid [26, 31]. The shear rate would
also be zero if the pumping operation would be at rest.
With regard to Eq. (3) and Eq. (4a), a zero shear rate does
not mean that the internal structure is infinite, it means
that the thixotropic structure at rest or in the plug contin-
ues to grow to a specific value on a given period of time. On
the one hand, during pumping, the total pressure loss is
only determined by the rheological properties and the ge-
ometry of the sheared zone. Thus, the pressure loss is not
dependent on the continuously growing thixotropic struc-
ture in the plug. On the other hand, if the pumping oper-
ation were at rest it would increase the required pumping
pressure after rest. This is a flow-initiation problem as ob-
served in literature [14] and outside the scope of this work.
Hence, temporal equilibrium can only be reached in
the sheared zone,whereEq. (4b) has a real valued solution,
resulting in conditon (5a). The plug zone is therefore the
zone where conditon (5d) is not met.














L ≥ τ0Λ (5c)
r ≥ 2τ0L∆p Λ (5d)
In other words, the plug radius RpΛ is defined by
conditon (5d). This expression is reminiscent to the
Buckingham-Reiner plug radius Rp1 = 2τ0L∆p amplified by
a factor Λ. We refer to this amplification factor as the
thixotropy factor. The plug radius for a thixotropic Bing-
ham fluid finally takes the form of Eq. (6), where the ac-
tual contribution of thixotropy is referred to as thixotropy
addition ζ . It should be noted that these are pure material
parameters.
RpΛ = Rp1Λ (6)




= 1 + ζ (7)
For non- or insignificant thixotropic Bingham fluids, the
characteristic flocculation time T equals infinity or a very
high number. This implies that the thixotropy factor Λ
equals 1. In other words a pure Bingham plug radius. For
common thixotropic fresh concretes, this thixotropy fac-
tor lies (but is not restricted to) between 1 and 5. This is
based on a range of rheological values common for con-
crete, as further clarified in 5.1. This means that for the
same pressure loss in so-called steady-state situations, the
plug radius may mislead observations in case thixotropy
is present in a Bingham fluid. The plug radius is namely
higher when thixotropy is present.
Lastly, one can rule out one of the two solutions of
Eq. (4b). Namely, the second solution (with theminus sign
in front of the square root) is considered as non-occurring
or the trivial solution. On the one hand, if no significant
thixotropy is present (Λ ≈ 1), the shear ratewouldbe equal
to zero (i.e. trivial solution) and imply slip to allow flow.
This is a contradiction with the imposed assumptions. In
the case thixotropy is present, it would result in a low, ap-
proximately constant value. This implies a very high pres-
sure loss, while the first solution would already have oc-
curred at a smaller value of thepressure loss. This has been
explicitly verified andhence only the first solution ismean-
ingful, i.e. the one with a plus sign in front of the square
root in Eq. (8a). To simplify further use, Eq. (8a) is split
into two parts in Eq. (8b), namely part B for Bingham rem-




(τ − τ0) +
√︂
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= a [B (r) + T (r)] (8b)
2.3 Velocity Profile Relation
Making use of a classical expression from fluid mechanics












After elaboration (Appendix A.1), final Eq. (10) is derived





. Within the plug radius r ≤ RpΛ, the plug ve-
locity vRpΛ can easily be found by evaluating the velocity
for the thixotropic plug radius RpΛ, or as explicitly done in
Eq. (A6).


























































To facilitate further use, the velocity profile is expressed
as a function of symbolic, but meaningful, parameters or
functions (b, δ, z, e and s) through Eq. (11).



































Lastly, the pressure loss - discharge relationship can be de-
rived by integrating the entire velocity profile over the pipe







v (r) dθrdr (12a)
= πR2pΛvRpΛ + 2π
R∫︁
RpΛ
rv (r) dr (12b)
Substituting Eq. (11) in Eq. (12b), one obtains the following
expression, bearing in mind that r = 1b (e + δ) and dr =
de
b .



















(e + δ) ln (e + s)|Rr de
Further elaboration is required to easily resolve Eq. (13).
Therefore, the discharge rate Q is firstly decomposed into
a plug part Qp and a sheared part Qs (Eq. (14)). After that,
a decomposition of Qs, is made into a Bingham part QsB
and a thixotropy part QsT . The thixotropy part QsT is then
further unravelled (Eq. (15)) to facilitate the final solution.





The solution of all decomposed parts can be found in Ap-
pendix A.2, through Eq. (A14) to Eq. (A16d). To evaluate
these explicit functions, it is useful to substitute the fol-








= 1 + ζ (16a)
RpΛ = Rp1Λ =
2τ0L
∆p Λ (16b)






More insights and more elegant expressions can still be
found via a dimensionless transformation.
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3 Dimensionless Formulation
To gain insights and elegance, the shear rate profile, veloc-
ity profile and discharge relation are reformulated as func-
tions of dimensionless parameters. Such a transformation
reveals important dimensionless parameters, as well as
their proportionality to the considered quantity. Fromnow
on, the latter relations are therefore rewritten as functions
of dimensionless parameters anda respectiveunits propor-
tionality is written between brackets. Since the shear rate,
velocity and discharge have a dimension unit, a units pro-
portionality appears as a consequence.
The dimensionless transformation starts from the
most important dimensionless number, i.e. the Bingham
number Bn. To facilitate the interpretation, the inverse
Bingham number is used since in practice the applied
pumping pressure is typically related to the discharge rate
by a pressure loss-discharge curve. It is also scaled by a
factor of 2, so that a dimensionless pipe wall shear stresŝ︀τw is obtained instead, because then it is more intuitive to
relate the pumping operation to flow initiation. Flow ini-
tiates when the pipe wall shear stress τw overcomes the
yield stress τ0. Hence, one obtains the dimensionless wall
shear stress number in Eq. (17), and since it is directly re-
lated to the pumping pressure ∆p, we refer to it as the
pumping pressure number Pn.
Pn = 12Bn =
̂︀τw = τwτ0 = ∆pR2Lτ0 (17)
Thedimensions from important parameter z and functions
e and s are then decoupled as follows:
z = δζ ζ = Λ − 1 (18)





s = δσ σ =
√︀
ε2 − ζ 2 (20)
The radial coordinate r is transformed to r/R and the plug





Pn (1 + ζ ) (21)
with :
Pn : Pressure number
b : Scaled pressure loss
δ : Yield stress τ0
Λ : Thixotropy factor
ζ : Dimensionless thixotropy addition
ε : Dimensionless corrected shear stress
σ : Dimensionless thixotropically corrected shear
stress
z : Thixotropy addition
e : Corrected shear stress
s : Thixotropically corrected shear stress
Rp1 : Bingham plug radius
RpΛ : Thixotropic plug radius
Hence, to facilitate interpretations and overall expres-
sions in this work, the pressure number Pn is used instead
of the Binghamnumber Bn even though they represent the
same physical matter. In that way, pipe flow initiates for
Pn ≥ 1 (orBn ≤ 0.5). In literature, theBinghamnumber Bn
may be defined slightly differently, as long as it is the pro-
portion of a yield stress contribution to a (viscous) stress
contribution [10, 17, 18].
3.1 Dimensionless Transformation
Making use of Eq. (17) to Eq. (21), all expressions are trans-
formed into dimensionless ones. All dimensionless param-
eters are written by a hat̂︀. or as Greek characters, except
for rheological parameters µ, τ0 = δ, τ, ?̇? and dimension-
less numbers e.g. Pn, Bn etc.
3.1.1 Dimensionless Shear Rate Formulation
One can rewrite Eq. (22a), by making use of the pressure
number Pn = τwτ0 =
∆pR
2Lτ0 . The term between brackets de-
fines the dimension of the relation, since all other terms
are dimensionless. Hence it forms an important dimension
























As a result, elegant dimensionless formulation (22b) for
the shear rate is found. Moreover, an important inverse
time scale or shear rate proportionality is revealed as well:[︀
τ0/µ
]︀
. In fluidmechanics this is usually referred to as the
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advective time scale, although it is usually defined for non-
yield stress fluids by the viscosity and a velocity propor-
tionality [32]. In conclusion, the shear rate is proportional
to this inverse time scale and as such, so are the velocity
and discharge as well.
3.1.2 Dimensionless Velocity Profile Formulation
The same approach is followed to transform the velocity





less form the significance of terms and proportionalities
can be observed again.



























. This proportionality is the inverse time
scale, scaled by the pipe radius R. In dimensionless form,





















3.1.3 Dimensionless Discharge Formulation
Lastly, one can do the same for the discharge relation to re-
veal important dimensionless parameters and dimension
proportionalities. After elaboration of the decomposed dis-















4 − ζ 2
)︁












For the discharge relation, the same inverse time scale
appears, scaled by the pipe radius to the power of three:[︀
τ0R3/µ
]︀
. Likewise, also the flow rate Q is proportional to
the this discharge scale. The discharge proportionality is
the same as proposed by Billingham and Ferguson [17] to
facilitate dimensionless expressions: ̂︀Q = Q/(τ0R3/µ).
3.2 Alternative Interpretation
Dimensionless formulas usually outline important dimen-
sionless numbers, in this case for thixotropic pipe flow.
One can namely interpret ε as a dimensionless corrected
shear stress, because it is in fact the dimensionless form
of the radial shear stress τ subtracted by the yield stress
τ0. The thixotropyaddition ζ represents thepredominance
of the Bingham time scale µ/τ0 versus the thixotropy time
scale Tα, which is reminiscent to the Deborah number (i.e.
a thixotropic time scale versus an advective time scale [17]).
Alternatively, one could see ζ as the ratio of the thixotropic
shear scale to the Bingham shear scale τ0/µ.
Similar to ε, σ is the shear stress corrected for
thixotropy. In fact it is the dimensionless thixotropic pro-
jection of the corrected shear stress. Looking closely to
this analogy, one can express ε, ζ or σ as a function of
one another. Thus, they imply a triangular relationship:
ε2 = σ2 + ζ 2, enclosing an angle called ϕ defined in
Eq. (26) (Figure 2). This angle is called the thixotropy an-
gle ϕ, because it determines the degree of thixotropy of
the considered pipe flow conditions. It is a measure for the
predominance of thixotropic flow behaviour versus time-
independent flow behaviour. This concept also applies to
dimensioned forms as functions of e, z and s. Thixotropy









Figure 2: Dimensionless variables (top) e, z and s or (bottom) ε, ζ
and σ form a rectangular triangle enclosing angle ϕ. The thixotropy
angle ϕ is a degree for the significance of a thixotropic flow regime
versus a time-independent flow regime.








A thixotropy angle close to 0 implies that thixotropy ef-
fects are negligible in respective flow conditions, while a
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thixotropy angle of π2 (90
∘) is the most significant. Since
ε and σ have a radial profile, also the thixotropy angle ϕ
has a radial profile. At a considered radial distance r in the
pipe, thixotropy angle ϕr thus literally represents the de-
gree of thixotropy significance. Where 0 means insignifi-
cant, while π2 (90
∘) means predominant.
The overall influence of thixotropy on the considered
flow conditions can be assessed by the angle of thixotropy
ϕR at the pipe wall (r = R), just as the overall pressure
loss in a pipe is determined by the shear stress τw at the
pipe wall, and thus represented by the pressure number
Pn. In the case that there is no influence of thixotropy, the
thixotropy angle ϕ would be 0. Then, Eq. (26) implies that
the material is either non-thixotropic (Λ = 1), which is
the trivial solution, or either that the thixotropic behaviour
has been completely overcome (Pn = ∞). This would
mean that the pressure loss is extremely high and thus
also the corresponding discharge. Thereby no significant
thixotropy effects are observed (ϕ ≈ 0).
If the influence of thixotropy were at maximum, the
thixotropy angle ϕ would be π2 (90
∘). This would imply
that the pressure number Pn equals the thixotropy factor
Λ (Pn = Λ). In other words, to initiate thixotropic flow, one
should overcome the thixotropic initiation pressure ∆piΛ,
which is the Bingham initiation pressure amplified by the
thixotropy factor Λ as in Eq. (27).
∆piΛ = Λ
2Lτ0
R = Λ∆piΛ=1 (27)
In all other cases, there still is an influence of thixotropy,
but somewhere between a completely thixotropic flow
regime or none at all.
3.3 Alternative Dimensionless Formulations
Since ε, ζ and σ are triangularly related to one another by
thixotropy angle ϕ and ε is related to the pressure number
Pn, one can rewrite the discharge relation as a function
of either the pressure number Pn and thixotropy angle ϕ,
or either ε and thixotropy angle ϕ. In addition, an anal-
ogy (28) in mathematical shape exists between Pn and Λ










Several alternative formulations can be found facilitating
elegance and thus the ease of calculation or implemen-
tation in software. These alternative formulations can be
consulted in Appendix C.
4 Verification
Even though all derived equations have been verified step-
by-step via mathematical software Maple®, yet another
verification is made when the model is applied to a non-
thixotropic Bingham fluid. Without thixotropy the solu-
tion should simplify to the solution for a Bingham model,
which is called the Buckingham-Reiner equation [33].
4.1 Buckingham-Reiner
For aBinghammodel, the analytical solution for Poiseuille
flow was originally developed by Buckingham and Reiner
[22, 26, 31, 33]. Hence the pressure loss discharge relation
was named after both, namely the Buckingham-Reiner
equation. For ease of comparison, the Buckingham-Reiner
and related equations are rewritten in their dimensionless
form, making use of the pressure number Pn. It is remark-
able that the same dimension proportionalities between





































3Pn − 4 + Pn−3
)︁
(31)
4.2 Bingham Model Comparison
No thixotropy means that the characteristic flocculation
time T is equal to infinity and further simplifies the follow-
ing set A of dependent parameters or function simplifica-
tions:
A =
⎛⎜⎝T = +∞ Λ = 1z = 0 ζ = 0
s = e σ = ε
⎞⎟⎠ (32)
Substituting non-thixotropic set of parameters A (in limit)
in the respective shear rate Eq. (22b), the velocity profile
Eq. (23) and the discharge Eq. (25) yield the following for-
mulas, after substitution of the dimensionless corrected




− 1 and further simplification:
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3Pn − 4 + Pn−3
)︁
Eventually, the equations become equivalent to the
Buckingham-Reiner equations, quod erat demonstran-
dum.
5 Results and Significance
This section is dedicated to the results and significance of
thixotropy. Sincewe aim to apply it for a concrete pumping
application, the model is applied to fresh concrete rheol-
ogy in some practical calculation examples. A comparison
is made with the developed model and other rheological
models commonly applicable to fresh concrete.
First, rheological values and pipe geometries common
for concrete pumpingare outlined. Then, the shear profiles
are compared with the delivered model in this work and
other applicable models. Lastly, this is also done for the
velocity profile and discharge diagram (i.e. diagram of dis-
charge relation).
5.1 Concrete Pumping
The range of the considered rheological parameters is
outlined first, before the actual model comparisons are
made. Apractical set of rheological parameters is based on
common values used for fresh concrete pumping. DN100
and DN125 are commonly used pipe diameters for con-
crete pumping. Therefore, a DN100 (e.g. with inner radius
R = 52.65 mm) is considered in the calculation examples.
Based on Feys [34], the discharge for concrete pumping for
thesepipediameters generally varies between 2.5 to 10 L/s,
which is used in the calculation examples.
Fresh concrete rheology often considers a Bingham
model or amodified Binghammodel, as defined in Eq. (36)
and Eq. (37) respectively [26, 31]. The Bingham model in-
cludes a yield stress τ0, which should be overcome to ini-
tiate flow, after which the flow resistance is defined by
the plastic viscosity µ. The modified Bingham model has
a shear thickening or thinning effect c in addition [31].
τ = τ0 + µ?̇? (36)
τ = τ0 + µ?̇? + c?̇?2 (37)
Although these two models do not take into account time-
dependent effects, they are often considered as appropri-
ate for fresh concrete rheology. Analytical solutions for
pipe flow exist for these two models (Appendix D). The
Poiseuille flow extension for the modified Binghammodel
can also be formulated as a function of dimensionless pa-
rameters and function variables. An additional parameter
is, however, necessary to describe shear thickening/ thin-
ning, namely the modified Bingham number MBn = 4cτ0µ2 .
This represents the ratio of the shear thickening time scale
c/µ to the Bingham time scale µ/τ0.
In addition, a wide application range of rheological
parameters exists, as provided in rheograms for fresh con-
crete [35]. A single set (Table 1) of rheological parame-
ters representative for fresh concrete (self-compacting con-
crete) is used, based on literature [31, 35].
Table 1: The rheological values used for comparison are representa-
tive for fresh concrete [31, 35].
Rheological Model τ0 [Pa] µ [Pa.s] c [Pa.s2]
Bingham 100 10
Modified Bingham 100 10 0.2
Thixotropy can be significant in self-compacting con-
crete. The deflocculation rate α is usually approximated as
0.005 for concrete [2], while the characteristic flocculation
time T varies. Strongly thixotropic concretes correspond to
a T-value of 200 s or less [2]. The range of plastic viscosity
(≈ 10-100 Pa.s) and yield stress (≈ 25-100 Pa) implies
that the thixotropy factor Λ lies between approximately 1
and 5 for thixotropic fresh concretes (but not restricted to).
Therefore a thixotropy range of 1-5 is used to distinguish
the significance of thixotropy on the flow regime during
pumping of such self-compacting concretes.
Once the rheological parameters for a common self-
compacting concrete are outlined, the shear rate profile,
velocity profile and discharge profile can be compared for
different applicable models.
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5.2 Shear Rate Profiles
Since concrete is a yield stress fluid, plug flowoccurs in the
pipe during pumping. This plug is defined by its plug ra-
dius (Eq. (21)) and is non-sheared. One clearly observes in
Figure 3 that a thixotropy factorΛ equal to1 coincideswith
the shear profile of a pure Bingham fluid. Figure 3 shows
that a constant flow rate of 2.5 L/s (̂︀Q = 0.55) results in an
increasing plug radius for an increasing thixotropy factor
Λ.
However, Eq. (21) should not be misinterpreted that
the plug radius is amplified by the thixotropy factor Λ for
a constant flow rate Q. Instead, the plug radius is only am-
plified by the thixotropy factor Λ if the pressure number
Pn remains constant. For a constant discharge Q, with a
different thixotropy, the pressure number Pn is different.
In other words, for a constant flow rate, the pumping pres-
sure, pressure loss or pressure number is higher for higher
thixotropy levels.
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Figure 3: The shear rate profiles for a constant discharge Q of
2.5 L/s (̂︀Q = 0.55 with R = 52.65 mm) shows that thixotropy
causes the shear to be non-linear and has a significant increasing
effect on the plug zone, which is the region where the shear rate is
zero.
In addition, higher pressure numbers result in smaller
plug radii (Eq. (21)), however amplified by the thixotropy
factor Λ, such that the effective plug radius is still signifi-
cantly higher than for a Bingham fluid with the same dis-
charge. This causes the shear rates near the pipe wall to be
significantly higher than for a Bingham fluid or modified
Bingham fluid.
Unlike a Bingham fluid, the shear rate profile is non-
linear for a thixotropic fluid. This is also the case for amod-
ified Bingham type of fluid. For the latter types, the plug
radius is insignificantly smaller than for a Bingham fluid.
An increase in flow rate to 10 L/s (̂︀Q = 2.18) causes
the plug to decrease for a thixotropic fluid (Figure 4). This
is logical because a higher flow rate results in higher shear
rates and thus more thixotropic structure that is broken
down in equilibrium. In fact, a balance exists between
shear action and thixotropic build-up. This balance clearly
shifts by an increasing plug radius for higher thixotropy
factors Λ.
−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8 1.0


























Figure 4: An increased flow rate Q of 10 L/s (̂︀Q = 2.18 with R =
52.65 mm) reveals a shifting equilibrium between shear action and
thixotropic structure build-up. Again, the plug zone (region where
?̇? = 0) also increases with an increasing thixotropy factor Λ.
These results clearly show that a different flow regime
is going on for a thixotropic fluid compared to a Bingham
and modified Bingham fluid. The shear rate profile is a
first fundamental view on the difference between flow for
a thixotropic fluid and other non-thixotropic fluids. The
shear rate profile can, however, not directly be measured
in case of pipe flow geometries. One can instead indirectly
measure the shear rate profile by a measurement of the
velocity profile, despite experimental noise. Some equip-
ment exists to measure the velocity profiles in pipe flow
geometries, such as particle image velocimetry, magnetic
resonance or ultrasonic velocity profiling techniques [36–
41].
Therefore, the analysis of the velocity profiles for
thixotropic fluids compared to non-thixotropic fluid gives
a second image of the significance of thixotropic effects.
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5.3 Velocity Profiles
The velocity profile is a secondmeasure on the significance
of thixotropy in pipe flow (Poiseuille flow). It is indirectly
related to the shear rate and vice versa. Therefore the veloc-
ity profile is analysed for thixotropic flow in this section.
As expected, the velocity profile (Figure 5) with a
thixotropy factor Λ of 1 also coincides with the velocity
profile for a Bingham fluid. For increasing thixotropy val-
ues Λ, the plug increases as elaborated for the shear rate
profile (section 5.2).
For a Bingham and modified Bingham fluid the veloc-
ity profile is smooth, which means that its derivative (the
shear rate profile) is continuous. This is remarkably not the
case for a thixotropic velocity profile. In other words, there
is a jump in the shear rate profile for a thixotropic material
(Figure 3). This gap in shear rate profile or non-smoothness
in the velocity profile is the transition point from the plug
to the shear zone. Due to thixotropic structural build-up, a
non-equilibrium exists in the plug, where the thixotropic
internal structure continues to grow. This causes a clear
gap in shear rate, or non-smoothness in the velocity pro-
file.
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Figure 5: The velocity profile for various thixotropy factors Λ show
that thixotropy can have a significant effect on a smooth transition
from plug flow to shear flow. Higher thixotropy levels cause higher
plug radii and in return lower plug velocities, however higher shear
rates or velocity development near the pipe wall. (̂︀Q = 0.55 with
R = 52.65 mm)
On the one hand, the plug velocity is smaller due to
a wider plug to compensate for the conservation of mass
for a constant discharge Q. On the other, the velocity near
the outer boundary has to be higher (Figure 5). This means
that more velocity needs to be developed over a smaller
outer zone, thus resulting in higher shear rates and higher
required pumping pressures.
An increased flow rate of 10 L/s (̂︀Q = 2.18) leads
to smaller plug radii, increasing for thixotropy factors Λ.
However, more important to notice is that the velocity
profile tends more to the Bingham velocity profile for a
higher discharge rate (Figure 6). This is because the bal-
ance of shear action versus thixotropic build-up gains
more weight for the shear action.
One could wonder if for very high flow rates Q,
thixotropy becomes less important and pipe flow can be
approximated by the Buckingham-Reiner equations. In
fact this is the case, the thixotropic flow eventually asymp-
totically approximates the Buckingham-Reiner solution
for higher flow rates. This is shown in thiswork by the com-
parisonof thedischargediagrams for thixotropic fluids ver-
sus non-thixotropic fluids.
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Figure 6: For a higher discharge rate of 10 L/s (̂︀Q = 2.18 with
R = 52.65 mm), the velocity profile shows to have a smaller plug,
yet bigger plug for increasing thixotropy factors Λ. The transition
from plug to shearing happens more smooth for a higher flow rate,
because the flow regime approximates a Bingham flow more.
5.4 Discharge Diagram
In the design of pumps, typically the working discharge
is plotted versus the pressure output. Therefore, also the
discharge Q is plotted versus the pressure loss ∆p/L in
this section. Not only because this diagram relates to the
practical choice of a pump, but also because it is the
direct output of pumps in practice. Moreover, the pres-
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sure loss/discharge diagram is modified to a dimension-
less form. This is a powerful way to express the pressure
loss in general, but also to point out the significance of
thixotropic pipe flow compared to non-thixotropic fluids.
For comparison of the discharge, a diagram is there-
fore made where the pressure number Pn is plotted as a
function of the dimensionless discharge ̂︀Q. This is the dis-
charge divided by its respective dimension proportionality,
as donebyBillinghamandFerguson [17]. Similarly one can
define the dimensionless velocity ̂︀v as well as shear rate ̂̇︀𝛾












The discharge profile for every Bingham fluid is therefore
exactly the same. A single curve in the diagram (Figure 7)
maps the flow behaviour of every possible combination
of Bingham rheological parameters. This is why the di-
mensionless discharge number ̂︀Q is more important to de-
scribe laminar pumping behaviour for yield stress fluids,
than for instance the Reynolds number Re which is usu-
ally used to describe turbulent flow behaviour [19]. This,
moreover, makes the discharge diagram a powerful way to
distinguish effects of other rheological models such as the
thixotropymodel developed in thiswork, but also themod-
ified Bingham model. For potential future use, the numer-
ical values corresponding to the discharge diagrams are
also depicted in tables in Appendix E. The pressure loss
number Pn, thixotropy angle ϕR, dimensionless plug ve-
locity ̂︀vRpΛ and the dimensionless wall shear rate ̂̇︀𝛾R are
depicted as a function of the dimensionless discharge ̂︀Q.
One clearly observes that the pumping behaviour of a
Bingham fluid is linear for the larger part of flow rates. It
becomes non-linear for lower flow rates or lower pressure
numbers ≈ Pn < 1.5 (Figure 8). In the regime where the
pressure number Pn is lower than approximately 1.5, the
lower order (Pn−3) term in the Buckingham-Reiner Eq. (31)
plays a significant role, while it is otherwise negligible for
the overall pumping behaviour.
For a zero discharge, the pressure number Pn equals
the thixotropy factor Λ (Q = 0 for Pn = Λ in Eq. (C2),
see Figure 8). This is an important aspect for flow initia-
tion pumping pressure. The initiation pressure should be
Λ times higher than the initiation pressure for a Bingham
or modified Bingham fluid. Moreover, this is also an im-
portant property because it can be used to determine the
thixotropy factor experimentally after transformation of
the pressure loss - discharge diagram.
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Figure 7: The discharge diagram is a powerful tool to distinguish
thixotropy in the pumping behaviour. Every combination of the
Binghammodel is represented by a single profile. The higher the
thixotropy factor Λ, the higher the influence of thixotropy on the
flow regime. The thixotropy effect asymptotically wears down to the
Bingham profile for larger flow rates ̂︀Q.
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Figure 8: The discharge diagram becomes non-linear for a Bingham
fluid for pressure numbers smaller than ca. 1.5, where lower order
terms in the Buckingham-Reiner equation are no longer negligible.
For a thixotropy fluid, the initiation pumping pressure, where the
discharge is theoretically zero, is equivalent with the Bingham
initiation pressure amplified by thixotropy factor Λ.
5.4.1 Pumpbability Contribution
Another remarkable aspect of the dimensionless discharge
diagram for the Bingham andmodified Binghammodel, is
the point where the pressure number Pn equals 2. Then,
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the yield stress τ0 contributes as much as the plastic vis-
cosity µ to the pumping pressure (loss).
A similar point could be defined in the thixotropic dis-
charge diagram, namely the point where Pn = 2Λ. This
means that the contribution of the thixotropically increas-
ing yield stress is equal to the contribution of plastic vis-
cous energy dissipation. This point could be an important
point to design the pumpability of the considered fluid.
On the one hand, if the rheological properties are fixed
for the industrialised process, one could change the dis-
charge rate or pipe geometry so a more desirable pump-
ing pressure could be achieved or vice versa. On the other
hand, when the flow rate or geometry cannot be changed
in an industrial pumping operation, one can achieve
a more desirable pumping pressure (required pumping
power) by changing the rheological properties. Hence, it
is called the pumpability contribution point and defined
by Eq. (39).
̂︀Qc = ̂︀Q (Pn = 2Λ) (39)
This may be used as a design point, relating the discharge,
geometry, pressure loss and rheological properties. Calcu-
lation examples for thixotropy factors between1 and5, ap-
plicable for fresh concrete, are depicted in Table 2.
Table 2: The dimensionless discharge ̂︀Qc calculated for the point
where the pumpablity contribution is the same for the plastic viscos-
ity as for the thixotropically grown yield stress. This interpretation
may be useful as a design point for the pumping application.
Λ 1 1.5 2 3 4 5̂︀Qc 0.56 2.30 4.00 7.39 10.78 14.16
That is why for self-compacting concrete compared to
traditional concrete a wider pipe diameter is usually cho-
sen. Since self-compacting concrete has a higher plastic
viscosity, one can decrease the pumping pressure contri-
bution by the plastic viscosity µ, while sustaining a high
discharge rate Qwith reasonable required pumping power
[22, 31, 34, 42].
5.4.2 Buckingham-Reiner Asymptote
Lastly, one more diagram is made which expresses the rel-
ative difference of a thixotropic fluid versus a Bingham
fluid, defined by Eq. (40). The pressure number PnΛ for
a thixotropic fluid is reduced by the reference for a Bing-
ham fluid (Pnref = Pn1) and divided by this reference.




(q) = PnΛ (q) − Pn1 (q)Pn1 (q)
(40)
This results in Figure 9, expressing how much the
predicted pumping pressures can be off for various
thixotropic fluids, compared to their Bingham equivalents.
For low discharges, the contribution of thixotropy can be
very underestimated, more specifically by a fraction of Λ −
1 = ζ for a zero discharge. Hence ζ is called the thixotropy
addition. For higher discharges, the significance exponen-
tially fades until the Bingham solution is asymptotically
approached (i.e. Buckingham-Reiner equation). The lower
the thixotropy value Λ, the faster the Bingham solution is
approached. Therefore, one could define a certain thresh-
old for which the thixotropic flow regime could be approx-
imated by the Bingham solution, e.g. a relative difference
smaller than 5%.
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Figure 9: The pressure number Pn is numerically inverted from
Eq. (25) and the relative difference with the Bingham-Reiner equa-
tion (Pnref ) is plotted as a function of dimensionless discharge ̂︀Q.
This shows how much more pumping pressure is relatively required
for a thixotropic fluid compared to a non-thixotropic Bingham fluid.
By the alternative interpretation of the developed
model, one knows that the thixotropy angle ϕR is the ac-
tual degree of thixotropic flow regime. Hence great simi-
larity can be found between the significance in Figure 9
and the thixotropyangleϕR in Figure 10.Alternatively, one
could also define a certain threshold for the thixotropy an-
gle ϕR (e.g. 5∘) for which thixotropic pumping could be ap-
proximated by the Buckingham-Reiner equation.
Conceptually, one could further extend the interpreta-
tion of the thixotropy influence on the pumping behaviour
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Figure 10: By an alternative interpretation through the thixotropy
angle ϕR it can also be observed that the influence of thixotropy
fades exponentially for higher discharges and lower thixotropy
factors Λ.
for different rheological base models (e.g. modified Bing-
ham, Herschel-Bulkley etc.). For a thixotropic modified
Binghammodel for instance, thixotropy would have a sim-
ilar relative addition as in Figure 9 for the modified Bing-
ham model. Although this is theoretically not fully accu-
rate, it forms an intuitive interpretation of the thixotropy
influence on the pumping flow regime.
6 Summary and Discussion
In this work we derived a new extension to Poiseuille
flow applicable to thixotropic concretes and cementitious
suspensions. The extension is derived for a model pro-
posed by Roussel [2], which is commonly used to model
thixotropy in fresh concrete andcementitious suspensions.
This model is a general model that can be applied to fresh
concrete rheology, but is not limited to it. For thixotropy
also othermore complicatedmodels exist, however, thede-
rived model in this work yet remains elegant and provides
deeper insights in pipe flow for thixotropic concretes and
fluids in general.
The final expressions for the shear rate profile, ve-
locity profile and the discharge relation can be found in
Appendix A. More important are Eq. (22b), Eq. (23) and
Eq. (25), because these are rewritten as functions of dimen-
sionless parameters and function variables. This transfor-
mation gainsmore insights and elegance in the thixotropic
pipe flow. Alternative dimensionless formulations can be
found in Appendix C. The elegance of these formulations
facilitates calculation or potential implementation in soft-
ware. For a start, they also allow to interpret and predict
more complicated thixotropic fluids.
Analysis of these dimensionless formulations shows
that the pressure number Pn = ∆pR2τ0L (or equivalent Bing-
ham number Bn) is the most important dimensionless
number of Poiseuille flow of yield stress fluids. The pres-
sure is namely the driving force behind the flow. The
thixotropy factor Λ, as well as thixotropy addition ζ , is
the ratio of the thixotropic shear scale to the Bingham
shear scale. It determines how significant the impact of
thixotropy is on the steady-state solution. In addition, Λ
is an important parameter in flow start-up or pumping ini-
tiation problems.
Moreover, a triangular relation exists between the di-
mensionless corrected shear stress ε, thixotropy addition
ζ and thixotropic projection of the corrected shear stress
σ. This thixotropic projection of the shear stress encloses
a thixotropy angle ϕ. The thixotropy angle is an indicator
of how significant thixotropy is in a pipe flow regime. A
thixotropy angle of π/2 is a predominant thixotropic flow
regime, while an angle of 0 is predominantly a Bingham
flow regime.
The derived equations are partially derived manually
and partially bymathematical softwareMaple®. The equa-
tions are not only validated by a step-by-step verifica-
tion by this software, but also by a comparison between
the solution in which no thixotropy is present and the
Buckingham-Reiner equation, which is the solution for a
Binghammodel.
The shear profiles show that thixotropy has a signif-
icant effect on the sheared vs. non-sheared pumping be-
haviour. The shear rate is a major measure for work that
has to be overcome to continue the pumping process.
Thixotropy can cause significant increases in required
pumping pressures for a constant, controlled pumping
flow rate Q. Despite requiring higher pumping pressures
or equivalent higher pressure numbers Pn, thixotropy also
increases the plug size.
The velocity profiles show that higher thixotropy fac-
tors Λ cause an increase in plug radius, and therefore in-
crease thewall shear rate and pressure loss. The transition
from plug zone to sheared zone occurs in a non-smooth
way, which is not the case for a Bingham or modified Bing-
ham fluid. This is because a non-equilibrium exists in the
plug zone, where the internal thixotropic structure con-
tinues to grow, while in the sheared zone, an equilibrium
structure is achieved by the balance between shear action
and thixotropic growth.
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The discharge diagram (Figure 7) is an important in-
terpretation and prediction tool for thixotropic pumping.
This diagram maps an entire spectrum of Bingham flu-
ids onto a single curve, which can be compared with flu-
ids with different thixotropy levels, characterised by the
thixotropy factor Λ. For lower flow rates Q, the thixotropy
is more significant on the pipe flow regime, while for
higher flow rates, the flow regime asymptotically ap-
proaches a pure Bingham flow regime.
Thixotropy can significantly increase the flow initia-
tion pressure, namely by the thixotropy factor Λ compared
to a Bingham fluid. This is an important aspect for applied
industries with flow start-up problems or pumping inter-
ruptions such as the concrete construction industry. Al-
though this finding opposes the work of Wachs et al. [32],
in which thixotropic flow start-up is possible for Pn < 1.0,
this finding still stands. The model of Wachs et al. [32] as-
sumes that structural break-down is predominant and the
fluid is compressible,which is possible forwaxy crude oils,
for example. Therefore a compressive thixotropic struc-
tural break-down may allow flow initiation for low pres-
sure numbers below 1. In other applications, structural
build-up is important. Hence it is logical that the findings
in this work tell otherwise. Indeed, the structural build-up
is significant and determines the flow initiation pressure
through thixotropy factorΛ. It does notmean that thework
ofWachs et al. [32] or this work is invalid. It means that dif-
ferent thixotropy mechanisms are predominant and there-
fore valid for different thixotropy applications.
Moreover, a potential design point for the pumping op-
eration is definedon these curves. It is called thepumpabil-
ity contribution point ̂︀Qc, because it is the point where the
contribution in pumping resistance of (thixotropic) yield
stress is as much as due to viscous energy dissipation. The
viscous contribution of self-compacting concrete is signif-
icantly higher than for traditional concrete [23]. To reduce
the total pumping resistance, larger pipe diameters are
therefore chosen for self-compacting concrete to reduce
the viscous contribution.
Lastly, a graph is made to point out the significance
of thixotropy, showing how much more pumping pres-
sure would be required relatively compared to a Bingham
fluid. For a low discharge Q, higher thixotropy factors Λ
require more pumping pressures compared to a Bingham
fluid, with a maximum significance of ζ . The lower the
thixotropy value Λ, the faster it asymptotically approaches
the Bingham solution. The asymptotic approach is an ex-
ponential decay, for which a threshold could be defined
for which the derived extension can be approximated by
the Buckingham-Reiner equation. A similar trend can be
observed for the thixotropy angle ϕR, which is an alter-
native interpretation to distinguish thixotropic versus non-
thixotropic flow behaviour.
7 Conclusion
In conclusion, a relatively simple, thixotropic Poiseuille
flow extension is derived, which is aimed for pump-
ing operations of fresh concrete or cementitious suspen-
sions. The application is not limited to fresh concrete, but
could also be used for other thixotropic fluids where the
same thixotropic model could be applied, e.g. as coatings,
paints, inks, clay suspensions, food products, pharmaceu-
tical products, etc. The model may not fully correspond to
the underlying thixotropymechanisms, however, it gives a
first indication on how to interpret or predict the pumping
operation for these kinds of fluids. As aimed in this work,
thedimensionless formulations reveal deeper insights and
more elegance for implementation in computational soft-
ware. The pressure number Pn (or related Bingham num-
ber Bn), dimensionless discharge ̂︀Q and the thixotropy fac-
tor Λ are the most important dimensionless numbers char-
acterising the predominance of thixotropic versus non-
thixotropic flow regimes. The discharge diagram (Figure 7)
is a powerful tool for interpretation and prediction of (non-
) thixotropic pumping operations and shows potential for
a rheological design of the pumping operation.
The derived extension does not cover the entire range
of pumping phenomena occurring during pumping of
thixotropic concretes. Neither does it cover the entire time
domain, since only a steady-state solution is given. For a
transient or time-dependent solution one should solve a
partial differential equation, which complicates the pur-
pose of this work. Instead, one could extend this work
for instance for alternative, perhaps more complicated,
thixotropic models. Moreover, other, non-reversible time-
dependent effects could also be included in extension of
this work, as long as the complexity of the equations re-
main to a reasonable level. In fresh concrete for example,
hydration also plays a significant role after some timedura-
tion [27]. Lastly, onemay also extend the Poiseuille flow to
more complicatedpumpingphenomena suchas the forma-
tion of a so-called lubrication layer and bulk in fresh con-
crete. In this extension one could consider a thixotropic
lubrication layer fluid and a thixotropic bulk fluid.
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A.1 Partial Derivation of the Velocity Profile




(τ − τ0) +
√︂





= a (B (r) + T (r)) (A1b)
Therefore, the velocity profile simplifies to Eq. (A2).
v (r) = a
R∫︁
r
B (r) dr + a
R∫︁
r
T (r) dr (A2)
with :
a : 12µ
B (r) : (τ − τ0)
T (r) :
√︁
(τ − τ0)2 − 4 µτ0Tα
In that way the velocity profile results in solving two




B (r) dr =
R∫︁
r

















































































































































Combining former partial results, yields the final expres-

















































































































































A.2 Partial Derivation of the Discharge
Substituting Eq. (11) in Eq. (12a), one obtains the following
expression, bearing in mind that r = 1b (e + δ) and dr =
de
b .




















































ln (e + s)|Rr (e + δ) de
Yet more elaboration is required to come to a feasible de-
composed state that can be easily solved. Therefore the dis-
charge Q is firstly decomposed into a plug part Qp and a
sheared partQs. After that, a decomposition ofQs, ismade
into a Bingham part QsB and a thixotropy part QsT .
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e ln (e + s) de
⎞⎟⎠
No explicit solution is available yet, but the decomposed
parts can be solved one by one. The only remaining un-
knowns are the solutions of former integrals (Eq. (A13b) to
Eq. (A13e)). The solutions of these integrals can be found
by the solutions of the primitive functions defined in Ap-
pendix B. One finally obtains the following expressions:






























































ln (e + s)|R e|RRpΛ (A16c)






























Finally, it is a matter of evaluating and combining explicit
Eq. (A14) to Eq. (A16d) for the discharge rate Q, decom-
posed into the plug discharge part Qp, the sheared Bing-
ham part QsB and the sheared thixotropy parts QsT1 to
QsT4.
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A.3 Partial Derivation of the Dimensionless
Discharge Formulation
To further simplify the decomposed discharge rate
(Eq. (A14) to Eq. (A16d)), a transformation is done in order








(1 + ζ )2
Pn3
{︁
Pn2 − 2Pn + 1 − ζ 2 (A17)















3Pn4 − 4Pn3 − 6Pn2 (1 + ζ )2 (A18)

























⃒⃒R − 3ζ 2 εσ|R (A20)


















































(1 + ζ )2
Pn3
{︃
12Pn2 − 24Pn + 12
(︀
1 − ζ 2
)︀ (A23)















6Pn4 − 8Pn3 − 12Pn2 (1 + ζ )2 (A24)

























⃒⃒R − 9ζ 2 εσ|R (A26)






































− 6ζ 2 εσ|R
)︃
(A28)
Finally making the total sum of each discharge part, one











6Pn4 − 8Pn3 + 2 (1 + ζ )3 (1 − 3ζ )
+ 6 ε3σ
⃒⃒R + 24 ε2σ⃒⃒R + 3 εσ|R (︀4 − ζ 2)︀













B Solution of Primitive Functions
All the solutions of the primitive functions can be found in
a straightforward way, except the integral of Eq. (B6). For
this last integral some manipulation is necessary. The in-
tegration constant is omitted for simplicity.
F1 =
∫︁





















e2 − z2de (B4)
= − z
4

















=δ (ln (e + s) e − s)
F6 =
∫︁









To solve primitive function F6, one canmake use of partial
integration defined by Eq. (B7). Applying partial integra-
tion to primitive function F6, one obtains Eq. (B8e).
b∫︁
a
u · dv = uv|ba −
b∫︁
a






























































































































Solving integral equation Eq. (B8e) eventually results




















Due to themathematical analogy in Eq. (28), the discharge
relation can be expressed as a function of a combination
of Pn, Λ, εR, ζ and ϕ. Hence several expressions can be
obtained for the discharge relation, the one more elegant
than the other. These alternative expressions are given in
this Appendix. To simplify the overall notation, the dimen-
sionless corrected shear stress at the pipe wall ε|R = εR, it
is shortly notated as E. The notation of the thixotropy an-
gle ϕ|R = ϕR at the pipe wall is also shortly notated as ϕ.











6Pn4 (1 + cos (ϕ))
− 8Pn3
(︀
1 + cos (ϕ)3
)︀
− 3Pn2 cos (ϕ)
(︀
ζ 2 + 8
(︀
1 − cos (ϕ)2
)︀)︀
− 6Pn cos (ϕ)
(︀
3ζ 2 − 4
(︀
1 − cos (ϕ)2
)︀)︀
+ 2 (1 + ζ )3 (1 − 3ζ )
+ cos (ϕ)
(︀










cos (ϕ) + 1)
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)︀












8 cos (ϕ)2 + 21Λ2 − 42Λ + 15
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(︀
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D Poiseuille Flow Extensions for
the Modified Bingham Model
The analytical solution for the modified Bingham model
was developed by Feys et al. [31]. Reformulation as a func-
tion of dimensionless parameters yields the following ex-
pressions. Herein is MBn the modified Bingham number.


























16 (ω − 1)
+ 4MBn (−ωPn + (7 − 6ω))
+ 2MBn2
(︀




5Pn3 (6ω − 7) − 6ωPn2
)︀








Pn rR − 1
)︀
ω = χ|R :
√︀
1 +MBn (Pn − 1)
E Discharge Tables
In this Appendix, a brief summary is given of numerical
values computed for the discharge relation for various val-
ues of thixotropy factor Λ. It is applicable for potential fu-
ture use to predict thixotropic concrete pumping, but not
limited to it. The values for a thixotropy factor Λ of 1.0
(Table E3) correspond to the Buckingham-Reiner solution
which can also serve in practice. This is namely the solu-
tion for a non-thixotropic Bingham fluid.
Table E3 through Table E7 depict the pressure loss
number Pn (equivalent to the dimensionless wall shear
stress ̂︀τR), thixotropy angle ϕR, dimensionless plug veloc-
ity ̂︀vRpΛ , the dimensionless wall shear rate ̂̇︀𝛾R as well as
other useful dimensionless numbers as a function of the
dimensionless discharge ̂︀Q.
Table E3: Brief summary of numerical values of the discharge rela-
tions shown in Figure 7 for a thixotropy factor Λ = 1.0.
Λ = 1.0̂︀Q Pn εR σR ϕR ϕR ̂̇︀𝛾R ̂︀vRpΛ
[-] [-] [-] [-] [rad] [∘] [-] [-]
0 1.00 0.00 0.00 1.57 90.0 0.00 0.00
0.2 1.49 0.49 0.49 0.00 0.0 0.49 0.08
0.4 1.78 0.78 0.78 0.00 0.0 0.78 0.17
0.6 2.06 1.06 1.06 0.00 0.0 1.06 0.27
0.8 2.33 1.33 1.33 0.00 0.0 1.33 0.38
1 2.59 1.59 1.59 0.00 0.0 1.59 0.49
1.2 2.85 1.85 1.85 0.00 0.0 1.85 0.60
1.4 3.10 2.10 2.10 0.00 0.0 2.10 0.71
1.6 3.36 2.36 2.36 0.00 0.0 2.36 0.83
1.8 3.62 2.62 2.62 0.00 0.0 2.62 0.95
2 3.87 2.87 2.87 0.00 0.0 2.87 1.07
2.2 4.13 3.13 3.13 0.00 0.0 3.13 1.19
2.4 4.39 3.39 3.39 0.00 0.0 3.39 1.31
2.6 4.64 3.64 3.64 0.00 0.0 3.64 1.43
2.8 4.90 3.90 3.90 0.00 0.0 3.90 1.55
3 5.15 4.15 4.15 0.00 0.0 4.15 1.67
3.2 5.41 4.41 4.41 0.00 0.0 4.41 1.80
3.4 5.66 4.66 4.66 0.00 0.0 4.66 1.92
3.6 5.92 4.92 4.92 0.00 0.0 4.92 2.04
3.8 6.17 5.17 5.17 0.00 0.0 5.17 2.17
4 6.43 5.43 5.43 0.00 0.0 5.43 2.29
4.2 6.68 5.68 5.68 0.00 0.0 5.68 2.41
4.4 6.93 5.93 5.93 0.00 0.0 5.93 2.54
4.6 7.19 6.19 6.19 0.00 0.0 6.19 2.66
4.8 7.44 6.44 6.44 0.00 0.0 6.44 2.79
5 7.70 6.70 6.70 0.00 0.0 6.70 2.91
5.2 7.95 6.95 6.95 0.00 0.0 6.95 3.04
5.4 8.21 7.21 7.21 0.00 0.0 7.21 3.17
5.6 8.46 7.46 7.46 0.00 0.0 7.46 3.29
5.8 8.72 7.72 7.72 0.00 0.0 7.72 3.42
6 8.97 7.97 7.97 0.00 0.0 7.97 3.54
6.2 9.23 8.23 8.23 0.00 0.0 8.23 3.67
6.4 9.48 8.48 8.48 0.00 0.0 8.48 3.79
6.6 9.74 8.74 8.74 0.00 0.0 8.74 3.92
6.8 9.99 8.99 8.99 0.00 0.0 8.99 4.05
7 10.25 9.25 9.25 0.00 0.0 9.25 4.17
7.2 10.50 9.50 9.50 0.00 0.0 9.50 4.30
7.4 10.76 9.76 9.76 0.00 0.0 9.76 4.42
7.6 11.01 10.01 10.01 0.00 0.0 10.01 4.55
7.8 11.26 10.26 10.26 0.00 0.0 10.26 4.68
8 11.52 10.52 10.52 0.00 0.0 10.52 4.80
8.2 11.77 10.77 10.77 0.00 0.0 10.77 4.93
8.4 12.03 11.03 11.03 0.00 0.0 11.03 5.06
8.6 12.28 11.28 11.28 0.00 0.0 11.28 5.18
8.8 12.54 11.54 11.54 0.00 0.0 11.54 5.31
9 12.79 11.79 11.79 0.00 0.0 11.79 5.44
9.2 13.05 12.05 12.05 0.00 0.0 12.05 5.56
9.4 13.30 12.30 12.30 0.00 0.0 12.30 5.69
9.6 13.56 12.56 12.56 0.00 0.0 12.56 5.82
9.8 13.81 12.81 12.81 0.00 0.0 12.81 5.94
10 14.07 13.07 13.07 0.00 0.0 13.07 6.07
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Table E4: Brief summary of numerical values of the discharge rela-
tions shown in Figure 7 for a thixotropy factor Λ = 2.0.
Λ = 2.0̂︀Q Pn εR σR ϕR ϕR ̂̇︀𝛾R ̂︀vRpΛ
[-] [-] [-] [-] [rad] [∘] [-] [-]
0 2.00 1.00 0.00 1.57 90.0 0.50 0.00
0.2 2.20 1.20 0.66 0.77 44.1 0.93 0.07
0.4 2.39 1.39 0.96 0.55 31.2 1.18 0.15
0.6 2.58 1.58 1.23 0.41 23.5 1.41 0.23
0.8 2.78 1.78 1.48 0.32 18.3 1.63 0.33
1 2.99 1.99 1.72 0.25 14.6 1.86 0.43
1.2 3.21 2.21 1.97 0.21 11.9 2.09 0.53
1.4 3.43 2.43 2.21 0.17 9.8 2.32 0.64
1.6 3.65 2.65 2.45 0.14 8.2 2.55 0.75
1.8 3.88 2.88 2.70 0.12 6.9 2.79 0.86
2 4.11 3.11 2.95 0.10 5.9 3.03 0.98
2.2 4.35 3.35 3.19 0.09 5.1 3.27 1.09
2.4 4.58 3.58 3.44 0.08 4.5 3.51 1.21
2.6 4.82 3.82 3.69 0.07 3.9 3.76 1.33
2.8 5.07 4.07 3.94 0.06 3.5 4.00 1.45
3 5.31 4.31 4.19 0.05 3.1 4.25 1.58
3.2 5.55 4.55 4.44 0.05 2.8 4.50 1.70
3.4 5.80 4.80 4.69 0.04 2.5 4.75 1.82
3.6 6.05 5.05 4.95 0.04 2.3 5.00 1.95
3.8 6.29 5.29 5.20 0.04 2.0 5.25 2.07
4 6.54 5.54 5.45 0.03 1.9 5.50 2.20
4.2 6.79 5.79 5.70 0.03 1.7 5.75 2.32
4.4 7.04 6.04 5.96 0.03 1.6 6.00 2.45
4.6 7.29 6.29 6.21 0.03 1.4 6.25 2.58
4.8 7.54 6.54 6.46 0.02 1.3 6.50 2.70
5 7.79 6.79 6.72 0.02 1.2 6.75 2.83
5.2 8.04 7.04 6.97 0.02 1.2 7.01 2.95
5.4 8.29 7.29 7.22 0.02 1.1 7.26 3.08
5.6 8.54 7.54 7.48 0.02 1.0 7.51 3.21
5.8 8.79 7.79 7.73 0.02 0.9 7.76 3.33
6 9.05 8.05 7.98 0.02 0.9 8.02 3.46
6.2 9.30 8.30 8.24 0.01 0.8 8.27 3.59
6.4 9.55 8.55 8.49 0.01 0.8 8.52 3.71
6.6 9.80 8.80 8.75 0.01 0.7 8.77 3.84
6.8 10.06 9.06 9.00 0.01 0.7 9.03 3.97
7 10.31 9.31 9.25 0.01 0.7 9.28 4.10
7.2 10.56 9.56 9.51 0.01 0.6 9.54 4.22
7.4 10.81 9.81 9.76 0.01 0.6 9.79 4.35
7.6 11.07 10.07 10.02 0.01 0.6 10.04 4.48
7.8 11.32 10.32 10.27 0.01 0.5 10.30 4.60
8 11.57 10.57 10.53 0.01 0.5 10.55 4.73
8.2 11.83 10.83 10.78 0.01 0.5 10.80 4.86
8.4 12.08 11.08 11.03 0.01 0.5 11.06 4.99
8.6 12.33 11.33 11.29 0.01 0.4 11.31 5.11
8.8 12.59 11.59 11.54 0.01 0.4 11.56 5.24
9 12.84 11.84 11.80 0.01 0.4 11.82 5.37
9.2 13.09 12.09 12.05 0.01 0.4 12.07 5.50
9.4 13.35 12.35 12.31 0.01 0.4 12.33 5.62
9.6 13.60 12.60 12.56 0.01 0.4 12.58 5.75
9.8 13.85 12.85 12.82 0.01 0.3 12.83 5.88
10 14.11 13.11 13.07 0.01 0.3 13.09 6.01
Table E5: Brief summary of numerical values of the discharge rela-
tions shown in Figure 7 for a thixotropy factor Λ = 3.0.
Λ = 3.0̂︀Q Pn εR σR ϕR ϕR ̂̇︀𝛾R ̂︀vRpΛ
[-] [-] [-] [-] [rad] [∘] [-] [-]
0 3.00 2.00 0.00 1.57 90.0 1.00 0.00
0.2 3.16 2.16 0.82 1.03 58.9 1.49 0.07
0.4 3.32 2.32 1.17 0.84 48.2 1.74 0.14
0.6 3.47 2.47 1.45 0.71 40.9 1.96 0.22
0.8 3.63 2.63 1.71 0.61 35.2 2.17 0.30
1 3.80 2.80 1.96 0.53 30.7 2.38 0.39
1.2 3.97 2.97 2.20 0.47 26.9 2.59 0.48
1.4 4.15 3.15 2.44 0.41 23.7 2.79 0.57
1.6 4.34 3.34 2.67 0.37 21.1 3.00 0.67
1.8 4.53 3.53 2.90 0.33 18.8 3.22 0.77
2 4.72 3.72 3.14 0.29 16.8 3.43 0.88
2.2 4.92 3.92 3.37 0.26 15.1 3.65 0.99
2.4 5.13 4.13 3.61 0.24 13.6 3.87 1.10
2.6 5.34 4.34 3.85 0.21 12.3 4.09 1.21
2.8 5.55 4.55 4.09 0.19 11.1 4.32 1.33
3 5.77 4.77 4.33 0.18 10.1 4.55 1.44
3.2 5.99 4.99 4.57 0.16 9.3 4.78 1.56
3.4 6.21 5.21 4.81 0.15 8.5 5.01 1.68
3.6 6.43 5.43 5.05 0.14 7.8 5.24 1.80
3.8 6.66 5.66 5.30 0.13 7.2 5.48 1.92
4 6.89 5.89 5.54 0.12 6.6 5.72 2.05
4.2 7.12 6.12 5.79 0.11 6.1 5.96 2.17
4.4 7.36 6.36 6.04 0.10 5.7 6.20 2.29
4.6 7.59 6.59 6.28 0.09 5.3 6.44 2.42
4.8 7.83 6.83 6.53 0.09 4.9 6.68 2.54
5 8.07 7.07 6.78 0.08 4.6 6.92 2.67
5.2 8.31 7.31 7.03 0.07 4.3 7.17 2.80
5.4 8.55 7.55 7.28 0.07 4.0 7.41 2.92
5.6 8.79 7.79 7.53 0.07 3.8 7.66 3.05
5.8 9.03 8.03 7.78 0.06 3.6 7.91 3.18
6 9.28 8.28 8.03 0.06 3.3 8.15 3.30
6.2 9.52 8.52 8.28 0.06 3.2 8.40 3.43
6.4 9.77 8.77 8.53 0.05 3.0 8.65 3.56
6.6 10.01 9.01 8.79 0.05 2.8 8.90 3.69
6.8 10.26 9.26 9.04 0.05 2.7 9.15 3.81
7 10.50 9.50 9.29 0.04 2.5 9.40 3.94
7.2 10.75 9.75 9.54 0.04 2.4 9.65 4.07
7.4 11.00 10.00 9.79 0.04 2.3 9.90 4.20
7.6 11.24 10.24 10.05 0.04 2.2 10.15 4.33
7.8 11.49 10.49 10.30 0.04 2.1 10.40 4.45
8 11.74 10.74 10.55 0.03 2.0 10.65 4.58
8.2 11.99 10.99 10.81 0.03 1.9 10.90 4.71
8.4 12.24 11.24 11.06 0.03 1.8 11.15 4.84
8.6 12.49 11.49 11.31 0.03 1.7 11.40 4.97
8.8 12.74 11.74 11.57 0.03 1.7 11.65 5.10
9 12.99 11.99 11.82 0.03 1.6 11.90 5.23
9.2 13.24 12.24 12.07 0.03 1.5 12.15 5.35
9.4 13.49 12.49 12.33 0.03 1.5 12.41 5.48
9.6 13.74 12.74 12.58 0.02 1.4 12.66 5.61
9.8 13.99 12.99 12.83 0.02 1.4 12.91 5.74
10 14.24 13.24 13.09 0.02 1.3 13.16 5.87
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Table E6: Brief summary of numerical values of the discharge rela-
tions shown in Figure 7 for a thixotropy factor Λ = 4.0.
Λ = 4.0̂︀Q Pn εR σR ϕR ϕR ̂̇︀𝛾R ̂︀vRpΛ
[-] [-] [-] [-] [rad] [∘] [-] [-]
0 4.00 3.00 0.00 1.57 90.0 1.50 0.00
0.2 4.15 3.15 0.95 1.14 65.3 2.05 0.07
0.4 4.29 3.29 1.35 0.98 56.3 2.32 0.14
0.6 4.43 3.43 1.66 0.87 49.9 2.55 0.21
0.8 4.57 3.57 1.94 0.78 44.8 2.76 0.29
1 4.72 3.72 2.20 0.71 40.5 2.96 0.37
1.2 4.87 3.87 2.45 0.64 36.8 3.16 0.45
1.4 5.03 4.03 2.69 0.59 33.6 3.36 0.54
1.6 5.19 4.19 2.93 0.54 30.8 3.56 0.63
1.8 5.36 4.36 3.16 0.49 28.3 3.76 0.72
2 5.53 4.53 3.39 0.46 26.1 3.96 0.82
2.2 5.70 4.70 3.62 0.42 24.0 4.16 0.92
2.4 5.88 4.88 3.85 0.39 22.2 4.36 1.02
2.6 6.06 5.06 4.08 0.36 20.6 4.57 1.12
2.8 6.25 5.25 4.31 0.33 19.1 4.78 1.23
3 6.44 5.44 4.54 0.31 17.7 4.99 1.34
3.2 6.63 5.63 4.77 0.29 16.5 5.20 1.45
3.4 6.83 5.83 5.00 0.27 15.3 5.42 1.56
3.6 7.03 6.03 5.24 0.25 14.3 5.64 1.67
3.8 7.24 6.24 5.47 0.23 13.4 5.86 1.79
4 7.45 6.45 5.71 0.22 12.5 6.08 1.91
4.2 7.66 6.66 5.95 0.20 11.7 6.30 2.02
4.4 7.87 6.87 6.18 0.19 11.0 6.53 2.14
4.6 8.09 7.09 6.42 0.18 10.3 6.76 2.26
4.8 8.31 7.31 6.67 0.17 9.7 6.99 2.39
5 8.53 7.53 6.91 0.16 9.1 7.22 2.51
5.2 8.75 7.75 7.15 0.15 8.6 7.45 2.63
5.4 8.98 7.98 7.39 0.14 8.1 7.69 2.76
5.6 9.21 8.21 7.64 0.13 7.7 7.92 2.88
5.8 9.43 8.43 7.88 0.13 7.3 8.16 3.00
6 9.66 8.66 8.13 0.12 6.9 8.40 3.13
6.2 9.90 8.90 8.37 0.11 6.5 8.64 3.26
6.4 10.13 9.13 8.62 0.11 6.2 8.87 3.38
6.6 10.36 9.36 8.87 0.10 5.9 9.12 3.51
6.8 10.60 9.60 9.12 0.10 5.6 9.36 3.64
7 10.83 9.83 9.36 0.09 5.3 9.60 3.76
7.2 11.07 10.07 9.61 0.09 5.1 9.84 3.89
7.4 11.31 10.31 9.86 0.08 4.9 10.09 4.02
7.6 11.55 10.55 10.11 0.08 4.6 10.33 4.15
7.8 11.79 10.79 10.36 0.08 4.4 10.57 4.27
8 12.03 11.03 10.61 0.07 4.2 10.82 4.40
8.2 12.27 11.27 10.86 0.07 4.1 11.07 4.53
8.4 12.51 11.51 11.11 0.07 3.9 11.31 4.66
8.6 12.75 11.75 11.36 0.07 3.7 11.56 4.79
8.8 13.00 12.00 11.61 0.06 3.6 11.81 4.92
9 13.24 12.24 11.87 0.06 3.4 12.05 5.05
9.2 13.48 12.48 12.12 0.06 3.3 12.30 5.18
9.4 13.73 12.73 12.37 0.06 3.2 12.55 5.31
9.6 13.97 12.97 12.62 0.05 3.1 12.80 5.43
9.8 14.22 13.22 12.87 0.05 3.0 13.05 5.56
10 14.46 13.46 13.12 0.05 2.8 13.29 5.69
Table E7: Brief summary of numerical values of the discharge rela-
tions shown in Figure 7 for a thixotropy factor Λ = 5.0.
Λ = 5.0̂︀Q Pn εR σR ϕR ϕR ̂̇︀𝛾R ̂︀vRpΛ
[-] [-] [-] [-] [rad] [∘] [-] [-]
0 5.00 4.00 0.00 1.57 90.0 2.00 0.00
0.2 5.14 4.14 1.07 1.20 68.9 2.61 0.07
0.4 5.27 4.27 1.51 1.07 61.1 2.89 0.13
0.6 5.41 4.41 1.85 0.97 55.4 3.13 0.21
0.8 5.54 4.54 2.16 0.89 50.8 3.35 0.28
1 5.68 4.68 2.43 0.82 46.9 3.56 0.36
1.2 5.82 4.82 2.69 0.76 43.5 3.76 0.44
1.4 5.97 4.97 2.94 0.71 40.5 3.95 0.52
1.6 6.11 5.11 3.18 0.66 37.7 4.15 0.60
1.8 6.26 5.26 3.42 0.62 35.3 4.34 0.69
2 6.42 5.42 3.65 0.58 33.0 4.53 0.78
2.2 6.57 5.57 3.88 0.54 31.0 4.73 0.87
2.4 6.74 5.74 4.11 0.51 29.1 4.92 0.97
2.6 6.90 5.90 4.34 0.48 27.4 5.12 1.06
2.8 7.07 6.07 4.56 0.45 25.7 5.32 1.16
3 7.24 6.24 4.79 0.42 24.3 5.52 1.26
3.2 7.42 6.42 5.02 0.40 22.9 5.72 1.37
3.4 7.60 6.60 5.24 0.38 21.6 5.92 1.47
3.6 7.78 6.78 5.47 0.36 20.4 6.13 1.58
3.8 7.96 6.96 5.70 0.34 19.3 6.33 1.69
4 8.15 7.15 5.93 0.32 18.2 6.54 1.80
4.2 8.35 7.35 6.16 0.30 17.2 6.75 1.91
4.4 8.54 7.54 6.39 0.29 16.3 6.97 2.02
4.6 8.74 7.74 6.62 0.27 15.5 7.18 2.14
4.8 8.94 7.94 6.86 0.26 14.7 7.40 2.25
5 9.14 8.14 7.09 0.24 14.0 7.62 2.37
5.2 9.35 8.35 7.33 0.23 13.3 7.84 2.49
5.4 9.56 8.56 7.56 0.22 12.6 8.06 2.61
5.6 9.77 8.77 7.80 0.21 12.0 8.29 2.73
5.8 9.98 8.98 8.04 0.20 11.4 8.51 2.85
6 10.20 9.20 8.28 0.19 10.9 8.74 2.97
6.2 10.41 9.41 8.52 0.18 10.4 8.97 3.09
6.4 10.63 9.63 8.76 0.17 9.9 9.20 3.22
6.6 10.85 9.85 9.00 0.17 9.5 9.43 3.34
6.8 11.07 10.07 9.24 0.16 9.1 9.66 3.46
7 11.30 10.30 9.49 0.15 8.7 9.89 3.59
7.2 11.52 10.52 9.73 0.15 8.3 10.13 3.71
7.4 11.75 10.75 9.98 0.14 8.0 10.36 3.84
7.6 11.98 10.98 10.22 0.13 7.6 10.60 3.97
7.8 12.20 11.20 10.47 0.13 7.3 10.83 4.09
8 12.43 11.43 10.71 0.12 7.0 11.07 4.22
8.2 12.67 11.67 10.96 0.12 6.8 11.31 4.35
8.4 12.90 11.90 11.20 0.11 6.5 11.55 4.47
8.6 13.13 12.13 11.45 0.11 6.2 11.79 4.60
8.8 13.36 12.36 11.70 0.10 6.0 12.03 4.73
9 13.60 12.60 11.95 0.10 5.8 12.27 4.86
9.2 13.84 12.84 12.20 0.10 5.6 12.52 4.99
9.4 14.07 13.07 12.44 0.09 5.4 12.76 5.11
9.6 14.31 13.31 12.69 0.09 5.2 13.00 5.24
9.8 14.55 13.55 12.94 0.09 5.0 13.24 5.37
10 14.79 13.79 13.19 0.08 4.8 13.49 5.50
